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Abstract. For positive integers n and d, and the probability function < 
p(n) < 1, we let Y^ p ui denote the probability space of all at most d-dimensional 
simplicial complexes on n vertices, which contain the full [d — l)-dimensional 
skeleton, and whose d-simplices appear with probability p(n). In this paper 
we determine the threshold function for vanishing of the top homology group 
in Y^pii, for all d> 1. 



1. Thresholds for vanishing of the {d- 1)st homology group of 

RANDOM d-COMPLEXES 

In 1959 Erdos and Renyi have defined a natural model for random graphs which 
has since become classical. In this model, which we call Yn^p.i, the random graph 
always has n vertices, where n is fixed, and the edges are chosen uniformly at 
random with probability p. One of their main results concerning ^n.p,! was the 
discovery of the threshold function for the connectivity of the graph. More precisely, 
reformulated in our language, they have shown the following theorem. 

Theorem 1.1. (Erdos-Renyi Theorem, |ER60| ). 

Assume that w{n) is any function w : N — > R, such that lim„^oo w{n) = oo, and 
p = p{n) is probability depending on n, then we have 

(1) ifp{n) = then lim„_,oo Frofe (^o(>;,,p,i; ^2) > 0) = 1; 

(2) i}p{n) = then lim„^^ Pro6 (/?o(r„,p,i; Z2) = 0) = 1. 

More recently, the two-dimensional analog Yn p 2 of Erdos-Renyi model was con- 
sidered by Linial-Meshulam in |LM06| . and, further, the d-dimensional model Yn^p^d, 
for d > 3, was considered by Meshulam-Wallach in [MW08j . 

In these generalizations, the graphs are replaced with simplicial complexes of 
dimension at most d, on n vertices, where all simplices of dimension d — 1 or less 
are required to be in the complex, and the simplices of dimension d are chosen 
uniformly at random with probability p. The combined work of Linial-Meshulam 
and Meshulam-Wallach yields threshold functions for the vanishing of the (d— l)th 
homology group of Yn^p^d with coefficients in a finite abelian group. Specifically, 
the following is known. 
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Theorem 1.2. (Linial-Mcshulam, |LM06j : Meshulam-Wallach, |MW08| ). 
Assume that w{n) is any function w : N — > R, such that lim„^oo w{n) = oo, and 
p = p{n) is probability depending on n, and F is a finite abelian group. Then we 
have 

(1) tfp{n) = f^l2gIiz!£M, then lim„_oo Fro& F) ^ 0) = 1; 

(2) ^fp(n) = then \im„^^ Prob{Ha-i{Y^,p,a;F) = 0) = 1. 

Curiously, the methods of |LM06[ IMW08| do not easily extend to the case 
of integer coefficients, and finding the threshold functions for the vanishing of 
Hd-iiYn^p^d]'^) remains open even for the case d~2. 

On the other hand, the threshold for vanishing of the fundamental group of 
A G yn,p,2 is well understood due to work of Babson, Hoffman, and Kahle. The 
following deep result can be found in [BHK08| . 

Theorem 1.3. (Babson, Hoffman, Kahle, [BHKOSi Theorem 1.3]). 

1 /2 

If w{n) is a function, such that lim„_,oo w(n) = oo, and p{n) > ^ 3iog?i+m(K) ^ ^ 

then Prob {Tri{Yn^p^2) = 0) = 1. 

Since the simplicial complexes A in Yn^p^d have dimension at most d, and are, 
on the other hand, required to contain full (d — l)-dimensional skeleton, we have 
Hi{A; F) = 0, for all ? ^ d — l,d, where F is an arbitrary abelian group. In this 
paper we complement the study undertaken by Linial-Meshulam and Meshulam- 
Wallach, by computing the threshold functions for the vanishing of the top dimen- 
sional homology. 

2. Terminology and the formulation of the main result 

We start by recalling some standard notations. For a positive integer n, we let 
A„ denote the full {n — l)-dimensional simplex. Given a simplicial complex A, and 
a nonnegative integer d, we let A'''' denote the d-dimensional skeleton of A, and 
we let A{d) denote the set of the d-simplices of A. Furthermore, for an arbitrary 
abehan group F, we let Bd-i{A; F) denote the subspace of Cd-i{A; F) generated by 
the boundaries of the d-simplices from A, and we let Zd{A; F) denote the subspace 
of Cd{A;F) consisting of the cycles. Finally, for a d-chain a G Cd{A; F) we let 
supp a denote the subset of A{d) consisting of all d-simpliccs appearing with non- 
zero coefficients in a. We also assume familiarity with Bachmann-Landau notations 
for the asymptotic behavior of functions. 

For positive integers n and d, and a real number < p < 1, we let Yn^p^d denote 
the probability space of all at most d-dimensional simplicial complexes on n vertices, 
which contain the full {d — l)-dimensional skeleton, and whose d-simplices appear 
with probability p. Formally, the underlying set of Yn^p^d consists of all simplicial 

complexes A, such that A^i'' = A^'^~^\ and A(c?-|-1) = 0; clearly there are 2(<i+i) 

of them. The probability associated to each A is p 

the values n, p, and d are fixed, and S is some set of simplices of A„, we shall write 
Prob {S) to denote the probability that all of the simplices from S are present in 
the simplicial complex sampled from Yn.p.d- 

To work with the probability space Yn^p^d we shall use the following notations. We 
write A G Yn^p^d when we sample a simplicial complex from Yn^p^d- For any integer 
i, and any field F, we write /3i(5^n,p,d; F) to denote the expectation of the ith Betti 
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number in the probability space Yn^p^d- We also write Proh {l3i{Yn,p,d', F) = 0), 
and Proh {(3i{Yn^p,d', F) > 0) to denote the probabilities that the ith Betti num- 
ber of A S Yn^p^d is equal to 0, correspondingly is strictly larger than 0. Sim- 
ilarly, for an arbitrary abelian group F, we write Pioh (Hi(Yn_p_d', F) = 0), and 
Proh {Hi{Yn^p^d', F) ^ 0), to denote the probabilities that the ith homology group 
of A G Yn^p^d is trivial, correspondingly nontrivial. 

To keep our argument as simple as possible, we shall initially restrict ourselves 
to Z2-coefRcients. The adjustments needed to handle the general case will follow 
in Section O 

Theorem 2.1. The probability p(n) = (-i) is the threshold probability for vanish- 
ing of the top homology of the random simplicial d-complex. More precisely, assume 
that p — p{n) ~ w(n)/n, and d > 1, then we have 

(1) if linin^oo w{n) = 0, then lim„^oo Prob {PdiYn^p^; Z2) = 0) = I; 

(2) if YiT[in~> 00 w{n) = 00, then \\m.n^ao Prob {(3d(Yn^p4]'L2) > 0) = 1. 

Before proceeding with the proof, we need two more pieces of notation. 

Definition 2.2. For an arbitrary positive integer d, let denote the subset of 
C(i-i(A„; Z2) X 2'^"^'^^ X Z>o defined by the following: (tr, S, A) G if and only if 
\suppa\ > (A - l){d + 1). 

In particular. (0, S, A) G implies A = 0. 

Definition 2.3. For (cr, 5, A) G Y,d, we define p{a,S,X) to be the probability that 
A G Yn^p^d satisfies the following two conditions: 

(1) A contains a in its boundary set, i.e., a G i?d-i(A;Z2); 

(2) the sets A(d) and S are disjoint. 

So, informally speaking, a collection of the simplices from A can be used to com- 
plement cr to a d-cycle, avoiding the d-simpliccs from S. 

For future reference, we record a few simple properties of p{—, — , — ). 

Lemma 2.4. 

(1) For any (ct, 5'i, A), (cr, 6*2, A) G T,d, the set inclusion S2 C Si implies 
p{(T,Si,X) < p(ct,52,A); 

(2) we have p{a, S,Xi) = p{a, 5, A2), whenever (ct, 5, Ai), (cr, 5, A2) G Sd,' 

(3) whenever (cr, A„(d), A) G Sd, and a ^ 0, we have p(a, A„(d), A) = 0; 

(4) we have p{a, S, A) = 0, for all (cr, 5, A) G Sd, such that da 7^ 0. 

Proof. The first condition holds simply because in Yn^p^d it is less probable that 
a simplicial complex satisfies a (possibly) more stringent set of conditions. The 
second condition is straightforward. The third condition is true since in this case 
A(cZ) must be empty. Finally, the fourth condition holds since the square of the 
differential in a chain complex is equal to 0. □ 

3. Proof of the first part of Theorem 12.11 

We start with the first part of Theorem 12.11 which is more difficult (and more 
interesting). Its proof relies on the following lemma, which might also be useful in 
its own right. 
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Lemma 3.1. Let us fix positive integers n and d, and a probability 1 > p > 0, such 
that d>2,n>d+l, and pn < 1. Set w := pn. For any (cr, S, A) G we have 

(3.1) p{a,S,X)<c{d,X)p^/{l-w)\ 

where c{d, A) = (d + 1)^A!. 

The case S' = is of special interest to us and we adopt the abbreviated notation 
pia,X) :=p(t7,0,A). 

Proof of Lemma 13. li By Lemma I2.4f 4) we can always assume that da = 0, as 
otherwise the left hand side of (|3.ip is equal to 0. 

We shall use induction on A. The base of induction is A = 0. In this case 
c{d,0) = 1 for all d, and the right hand side of p.ip is equal to 1; hence the 
inequality is trivially satisfied. 

To prove the induction step, let us now assume that A > 1, and that the inequal- 
ity p.ip has been shown for all A, such that < A < A — 1. Since {a, S, A) G S^, we 
have cr ^ 0. Having fixed the value of A, we now run another induction procedure, 
this one is downwards on the cardinality of S. The base \S\ = (^) is provided by 
Lemma [2. 4f 3). since the left hand side of (|3.ip is then equal to 0. We now make 
the induction step in \S\. 

Let us choose a {d~ l)-simplcx e £ supper. If cr G i?d_i(A; Z2); then there must 
exist a d-simplcx r G A((i) such that e G dr. Let denote the set of all d-simpliccs 
r G A„(d) such that e G dr. Clearly, we have = n — d. We represent as 
a disjoint union fl ~ AU BUC, where the sets A, B, and C are defined as follows: 

A := {r G fiVS*! |supp((7 + 9r)| > (A - l)(d+ 1)}, 
B:^{TEn\S\ |supp(cr + aT)| < (X-l){d+l)}, 

c -.^nns. 

Since some simplex from AU B must be picked in A we have the inequality 

(3.2) p{a,S,X)< Prob (r)p((T + 9r, 5 U{t}, A,), 

tGAUB 

where for each r the value Ar is chosen so that (cr + dr, S U {r}. At) G Sd. In fact, 
we shall see shortly that one can always choose A^ to be A or A — 1 . Substituting p 
for Prob(r), breaking the sum on the right hand side of (|3.2[) into two, and using 
the fact that (cr + dr, S U {r}. A) G for all r G A, we obtain 

(3.3) p{a, S,X)<pY, p{a + dr, S U {t}, X) + pj^ + Or, S U {r}. A.). 

Let a denote the first summand, and let (3 denote the second summand on the right 
hand side of (|3.3p . We shall estimate these terms separately. 

First, since \S U {r}| > jiS*!, by the induction assumption (on \S\) we have 

(3.4) a <p\A\c{d,X)p^/{l^w)^ < pnc{d, X) p^ / (l - w)^ = 

^wc{d,X)p^/{l-w)^. 

Let us next consider the summand (3. To start with, if r G i3, then suppSr 
contains at least one simplex from supp a other than e, and it is uniquely determined 
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by that simplex (together with e). It follows that \B\ < Isuppcrj — 1. Assume now 
that T E B. In that case we have 

(3.5) (A - l){d+l) > |supp(f7 + ar)| > |suppcr| - |supp(9r| = 

= |supp ct| - (d + 1) > (A - 2){d + 1), 

implying that (a + 9r, S* U {r}, A - 1) £ Sd, and that Isuppcr] < (A + + 1). 
Hence, by the induction assumption (on A) we have the estimate 

(3.6) l3<p\B\ c{d, A - 1) p^"V(l - w)^-^ < 

< (|supp fil - 1) c(d, A - 1) - w)^~^ < 

< A (d + 1) c{d, A - 1) - w)^-\ 
Substituting the estimates from (|3.4p and (|3.6|) into p.3p we obtain 

(3.7) p{(J,S,X) < {wc{d,X)+\{d+l)c{d,X-l){l-w))p^/{l-w)^. 

This yields the desired inequality (|3.ip for the constant c{d, A) recursively defined 
by the equation 

c{d, A) := w c{d, A) + A (d + 1) c(d, A - 1) (1 - w), 

that is 

c(d,A) (d+l)Ac(d,A- 1). 
Since c{d,0) = 1, we arrive at 

(3.8) c(d,A) = (d+ 1)^A!, 

which finishes the proof of the lemma. □ 
We are now ready to proceed with the proof of the first part of our main theorem. 
Proof of Theorem Umi). 

Let us first settle the case d ~ 1, as it can be done completely explicitly, without 
referring to Lemma [3.11 Clearly, for the first Betti number of A € Yn,p.i to be 
nontrivial the graph A must contain cycles. For I = 3, . . . , n, let zi denote the 
number of the ^-cycles in a complete graph on n vertices. Then we have 

n 

(3.9) Prob(/3i(y„,p,i;Z2)) < ^ Prob (c) = ^ p'. 

cycles c 1—3 

Substituting z; = i (") (Z - 1)! into (pJ)) wc obtain 

(3.10) Prob(/3i(y„,p,i;Z2)) W(;-l)!p72 = 



1=3 



En(n - 1) . . . (n - I + 1) , , , 
-p <22'' P 

1=3 1=3 



w^{l + w^ hw" ^) < -; • 

1 —■ w 



In particular. 



lim Prob(/3i(y„,p,i;Z2)) < lim - 

n— >oo n— i-oo 1 



w{n) 
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For the rest of the proof we assume that d > 2. For an arbitrary d-simplcx t, let 
At denote the event in Yn^p.d that the chosen complex A has a nontrivial homology 
cycle which has a representative r satisfying t G suppr. Let Iq denote the d-simplex 
with vertices {l,...,c?+l}. Clearly, due to symmetry, Prob (At) = Prob (Atg), for 
all t G An (d) , and so we have 

(3.11) Prob iPdiYn,p,d; ^2) > 0) < J2 P^ob (t) Prob (At) = 

teA„{d) 



n 
d+l 



Prob {At, ) <pn'^+^ Prob (At^ ) = w Prob {At^ ) ■ 



We shall next estimate Prob(At„). As a precursor of the general argument we 
consider the case d = 2. In this case to is the triangle with vertex set {1, 2, 3}. Let 
e denote the edge with vertices 1 and 2. In order for the event At^ to occur, we 
must pick some triangle Si with the vertex set {1,2,?}, where i = 4, . . . , n. Hence 
we have the inequality 

n 

(3.12) Prob(At„) < ^Prob(sOp(9(io + sO,{sO,2). 

1=4 

Since |supp {d{to + Sj))| = 4>1-3=(A — l){d + 1), by Lemma [3TT] we have 

^ r . „x 32 -2! -392 18p2 
(1 — w)^ (1 — w)^ 
Combining this with (|3.1ip and p.l2p . and the fact that Prob (s^) = p, we obtain 

18p2 18wn3p3 i8i„4 



Prob(/3d(>;^,p,2;Z2) >0) <wn^J2PjT^-\2 < 



hence lim„_»oo Prob (/3d(i^n,p,2; ^2) > 0) = if lim„^oo w{n) = 0. 

Let us now consider the case d > 3. The argument is along the same lines as 
for d = 2, but with more technical estimates, as it does not suffice anymore to just 
add one d-simplex to to. Let ei, . . . , e^+i denote the {d — 1) -dimensional faces of 
to taken in an arbitrary order. For the event At, to occur, for each j £ [d + 1], we 
must pick at least one d-simplex different from to whose boundary contains e^. 

Assume T = {ti, . . . , td+i} is such a collection of d-simplices, i.e., for all i G [d+l] 
we have ti G A((i) \ {to}, and et G supp {dti). For any z, j G [d + 1], i 7^ j, we have 
ti ^ tj, since the only d-simplex whose boundary contains both e,; and Cj is to- We 
consider the d-chain r := X^SI ^i- 

Every d-simplex ti has a unique vertex Vi which does not belong to e^. We define 
a set partition tt = tti U • • • U 7r,„ on T by putting ti and tj to the same block if 

V, = Vj. 

Claim. We have 

(3.13) |supp(ar)| > (m - 2)(d+ 1). 

Proof of the Claim. Clearly, supp (9t) consists of all the elements in 
U£o supp {dti) which belong to the odd number of sets in that union. By con- 
struction, all the elements of supp {dto) belong to exactly one other set in that 
union, so all these cancel out. 

Potentially, we have d{d -1-1) remaining elements. There will be no cancellation 
between the elements of supp(9ti) and supp(9ij) if ti and tj belong to different 
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blocks in tt. If they belong to the same block, then there is exactly one cancellation, 
namely of the (d— l)-simplices {v}U (tiDtj), where v is the vertex corresponding to 
the block of tt containing ti and tj. Furthermore, all these cancellations are disjoint 
from each other, since there arc precisely two (d — l)-simpliccs in dto containing 



ti n tj . We conclude that 



(3.14) Isupp idr)\ = d(d + 1) - ^ 2 r^'l = did + 1) - E \^^\(\^'^\ - 1) = 

rn rn rn 

= d{d+i) + Y.\^,\-ll I'^^i' ^{d+if-Y. I'^^i'- 

i—l i—1 i—1 

Since the sum X^I^i fixed and all the terms in that sum are positive integers, 

the maximum of X^ZLi achieved by the values |7ri| = • • • — |7rm_i| = 1, 

Itt^I = d + 1 - (to - 1). Hence (|5TTi)) yields 

(3.15) Isupp {dT)\ > (d + 1)2 - (m - 1) - (d + 1 - (m - 1))^ = 

= (d + if - (m - 1) - (d + if + 2(d + l)(m - 1) - (to - 1)^ = 

= {m - l)(2d + 2 - to) > (m - l)(2d + 2 - (d + 1)) > (m - 2)(d + 1), 

hereby proving (|3.13p . □ 

Since for Atg to occur some constellation T must be present in our complex, we 
have an estimate 

(3.16) Prob(^t„) <^(n-d-l)"/+V('9^,suppT,TO-l), 

TT 

where the sum is taken over all partitions tt = tti U • • ■ U tt™, the factor (n — d — 1)™ 
records choosing the m vertices corresponding to the blocks of tt, the factor p'^'^^ 
records the probability of choosing the set T, which is uniquely determined by the 
choice of these vertices, and the term p(9r, suppr, ?7i — 1) is well-defined by the 
claim which we just proved, and the fact that to > 1. Using the inequality (j3.ip . 
we arrive at 

(3.17) Prob(AtJ <^(n-d-l)"y+i(d+l)"-i(m-l)!p'"-V(l-^«)'""^ < 

TT 

(d+jrrf! _ (d+l)'^d! (d+l)^d!part(d+l) , 

where part (d+1) denotes the number of set partitions of the set [d+1]. Combining 
with (|3.1ip . end setting c := (d + I)'' d! part (d + 1), this yields 

VYOh{l3d{Yn.p.d]'^2) > 0) < WTl'' 7" TT ^C- -r , 

(1 — w)"- (1 — w)°- 

We conclude that lim„_>oo Prob (/?£;(l^_p Z2) > 0) = if lim„_>oo w(n) = 0, also 
for aU d > 3. ' ' □ 

4. Proof of the second part of Theorem 12.11 



Before we present the proof of the second part of Theorem 1 2.11 we need to recall 
some standard tools of combinatorial probability from [ASOOj . More specifically, 
a certain application of Chcbyshev inequality has come to be known as the Second 
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Moment Method. We need the symmetric version of that method, which we now 
proceed to describe. 

Consider an infinite sequence of probabiUty spaces P", where n is a natural 
number. Let us fix n for now. and assume that wc have random events . . . , 
in V". For i G [m], let X" denote indicator random variable of Af, and set 
X" = Y^^iLi ■ Assume furthermore, that the events Af arc symmetric in the 
following sense: for every i,j S [m], i ^ j, there exists an automorphism of the 
underlying probability space sending event Af to event A^. An example of such 
symmetric events in l^,p,d can be found by setting m := (^"j^), indexing the d- 
simpliccs with the set [to], and letting A" denote the event that the c?-simplex 
indexed with i lies in the chosen simplicial complex. 

For distinct indices [m], we write i j, in case the events Af and are 

not independent. Furthermore, we set 

(4.1) e:=^Prob(ArAA7). 

We mention explicitly that the sum in (j4.ip is taken over all ordered pairs («, j), 
that is if the summand Prob {Af A A") occurs in the sum. then the summand 
Prob {Aj A A") occurs in the sum as well, since z ~ j if and only if j ^ i. Since for 
all i, j € [to] we have Prob {Af A A^) = Prob (A^)Prob {A^\A^), the equation (gH) 
now yields 

(4.2) e = E (A-) E Prob {A]\A-). 
We set 

(4.3) EP^°b(A;'|Ar), 

which is well-defined, since that sum does not depend on the choice of i. 
The following result can be found in |ASOO| . 

Lemma 4.1. /^ |ASOO[ Corollary 3.5]J With the notations above, if 
lim„_oo E{X"-) = oo and C = o{E{X'^)), then 

(4.4) lim Prob{X'' > 0) = 1, 

n — >oo 

and, furthermore, 

(4.5) lim X"/£;(X") = 1. 

n — »oo 

We now have all the necessary tools to proceed with the proof of Theorcm l2.ir 2). 

Proof of Theorem I2.1l f2). Our argument is a direct application of the second 
moment method. For fixed d and p, we set V" := We let {rf, . . . ,rl*„ A 

be the set of all {d + l)-simplices of A„. For all ?' = 1, . ■ . , (^"2) ' ^'^^ denote the 
event that A e F„,p,d contains the boundary of r", i.e., A(c? + 1) ^ supp (i9tj"). 

As above, let denote the corresponding indicator random variables, and set 
again X" := + • • • + X? . . Clearly, E{X^) = Prob (Af ) = for aU i. 
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Hence 



(ci+2) 



1 ci+l^''+' 



{d + 2)\ 

and so we sec that E{X") = fl{w'^'^'^), and, in particular, lim„^oo E{X'^) — 00. 

Furthermore, we have i ~ j if and only if the {d + l)-siniplices and Tj share 
precisely one boundary d-simplcx. Thus, in this case the dependency graph has 
(d+2) vertices and is regular of valency (d + 2)(n — d — 1). 

Given i,j e |l, . . . , (^",)|, such that i j,we get Prob(^j|^i) = p'^^^, since 
|supp(9rj) \supp(9rj)| = d + 1. Plugging this data into the definition ()4.3p . we 
get 



C =Y = (rf + 2)(?i -d- 



Since 



we get 

(4.6) f < 



d + 2j'^ (d + 2)! 

(d + 2)(d + 2)! _ (d + 2)(d + 2)! 



np{n — d — 1)'^ w{n — d — 1)^ 

Since wc assumed that lim„^oo ^^('^) = 00, the inequality (|4.6p yields 
lim„^oor/£'(^") = 0, i.e., ^ o(£'(X")). It then follows from Lemma O 
that hm„^oo Prob (X" > 0) = 1. 

Since X" > implies that /3d(A;Z2) > 0, wc get Prob (/3d (A; Z2) > 0) > 
Prob {X" > 0), hence lim„_,oo Prob (/3<i(y,i,p,d; ^2) > 0) = 1. □ 

5. Threshold probability for top homology group with coefficients 
in an arbitrary abelian group 

In this short final section we shall indicate how to adjust our proofs in order to 
deal with the case of homology with coefficients in an arbitrary abclian group. The 
exact statement which we get is the following. 

Theorem 5.1. Assume that p = p{n) = w{n)/n, d > 1, and F is an arbitrary 
nontrivial abelian group, then we have 

(1) if lim„^oo w{n) = 0, then lim„^oo Prob {Hd{Yn,p,d; F) = 0) = 1; 

(2) if\\mn^oow{n) = 00, then limn^ao Prob {Hci{Yn^pA] F) 7^ 0) = 1. 

To start with, we need a new piece of notations: for a subset T C A„((i) we let 
r(T) denote the number of (d— l)-simplices a for which there exists a unique r e T 
such that a £ supper. One may intuitively think of such (d — l)-simplices as the 
"rim" of the set T. 

Next, the set should be replaced with C 2^"('') x 2^"('') x Z>o defined by 
the following: (T, S, A) € Sd if and only if r{T) > (A - l)(d + 1). 

Accordingly, Definition 12.31 should be altered. For (T, S, A) € Sd, we define 
p(T, S, A) to be the probability that A G Yn,p,d satisfies the following two conditions: 
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(1) A(d)n5 = 0; 

(2) there exists cr E Zd(A„) such that T C supper C T U A(d). 
With this notations the inequahty (|3.1[) gets replaced with 

(5.1) p{T,S,X)<c{d,X)p^/{l~w)\ 

with the proof holding almost verbatim. Essentially |suppcr| should be replaced 
with r (supp cr), and p{dT,S,X) should be replaced with /5(suppT, S", A). For example, 
in the definition of A and B the expression |supp (cr + c)t)| should be replaced with 
r(T U {r}), the inequality (|3.2p becomes 

(5.2) /5(T,5,A)< ^ Prob(T)p(TU{T},5U{T},A0, 

reAuB 

and the chain of inequalities (|3.5p becomes 

(5.3) (A - l)(d + 1) > r(r U {r}) > r{T) - |supp5T| = 

= r(T)-(d+l) > (A-2)(d+l), 

Also the proof of Theorem I2.ir i) holds verbatim with similar changes. For 
example, the inequality (j3.12p becomes 

n 

(5.4) Prob {At, ) < J2 (s,) p{{to, s J, {s,}, 2), 

the inequality (|3.13|1 in the claim becomes 

(5.5) r({to,...,td+i}) > (m-2)(d+l), 
and the inequality (j3.16[) becomes 

(5.6) Prob (AtJ < ^(n - d - l)'"/+i p({to, . • . , <d+i}, {io, ■ • • , U+i}, m - 1). 

TT 

Finally, the proof of Theorem 12. 1( 2) holds without any changes at all since the 
presented Z2-cycles 9t" are in fact cycles for arbitrary coefficients. 

Acknowledgments. The author would like to thank the University of Bremen 
and the Banff International Research Station for supporting this research. 

References 

[ASOO] N. Alon, J. Spencer, The Probabilistic Method, Second edition, with an appendix on 
the hfc and work of Paul Erdos, Wiley-Interscience Series in Discrete Mathematics and 
Optimization, Wiley-Interscience [John Wiley & Sons], New York, 2000, xviii+301 pp. 

[BHK08] E. Babson, C. Hoffman, M. Kahle, The fundamental group of random 2-complexes, 
preprint 18 pp. : larXlv : 071 1 ■ 2704t f2 

[ER60] P. Erdos, A. Renyi, On the evolution of random graphs, Publ. Math. Inst. Hungar. 
Acad. Sci. 5 (1960), 17-61. 

[Ko07] D.N. Kozlov, Combinatorial Algebraic Topology, Algorithms and Computation in Math- 
ematics 21, Springer- Vcrlag Berlin Heidelberg, 2008, xx-|-390 pp., 115 illus. 

[LM06] N. Linial, R. Mcshulam, Homological connectivity of random 2-complexes, Combina- 
torica 26 (2006), no. 4, 475-487. 

[MW08] R. Meshulam, N. Wallach, Homological connectivity of random fc-complcxes, preprint 
12 pp. ; larXlv : math/0609773 vl 

Department of Mathematics, University of Bremen, 28334 Bremen, Federal Republic 
OF Germany 

E-mail address: dfkamath.uni-bremen.de 



